In the last decades a lot of work has been done in the study of Hilbert-Speiser fields; in particular, criteria were developed which insure that a given field is not Hilbert-Speiser. The framework is Galois module structure of extensions of number fields. More precisely the object of our study is the property of an extension of number fields to have a normal integral basis: an extension L/K of number fields admits a NIB if O L is a rank 1 free O K [G]-module. The Hilbert-Speiser theorem states that for abelian number fields tameness is equivalent to the existence of a normal integral basis over Q, while in general we only have that an extension with NIB has to be tame. We will say that a number field K is Hilbert-Speiser if every tame abelian extension L/K has NIB, and C l -Hilbert-Speiser if every such extension with Galois group isomorphic to C l , the cyclic group of prime order l, has NIB.
Introduction
Definition 1.1. Let L/K be a tame G-Galois abelian extension of number fields, and let M be the maximal order of K [G] . The extension has a weak normal integral basis (WNIB) if M ⊗ O K [G] O L is free of rank 1 over M.
Without any essential changes to the classical proofs on normal integral bases, we have the following
Proposition 1.2. Let L/K be an abelian tame extension of number field and F an intermediate field. If L/K has a WNIB, so does F/K.
Let L 1 /K and L 2 /K be arithmetically disjoint extensions of number fields with
We recall that there is the following surjection, with kernel denoted by D(O K [G] ):
Definition 1.3. Let K be a number field. It is Leopoldt if every tame abelian extension L/K has WNIB, and G-Leopoldt fields if every tame abelian extension L/K with Galois group isomorphic to G has WNIB. Remark 1.4. We note that other authors ( [Car07] and [BCGJ11] ) employ the term "Leopoldt field" in a different (and stricter) sense, so that we briefly considered calling our definition "weakly Leopoldt"; but we have decided against it for simplicity.
As we stated in the abstract, Q is the only Hilbert-Speiser field. One may ask if this is still true in the weaker sense:
Conjecture 1.5. Q is the only Leopoldt field.
However, there is no chance to adapt the proof of [GRRS99] . A fundamental ingredient is the study of objects related to Swan modules, which live in the kernel group, and this approach cannot work in our context as we are interested in a quotient by the kernel group (that is the class group of the maximal order). Instead we study C l -Leopoldt fields directly.
We can firstly use McCulloh's important theorem [McC83] to speak about realizable classes. Let us recall it. First of all, the augmentation map ε :
where by [M ] we mean the class of M in the locally free class group. We define Cl 0 (O K [G] ) to be the kernel of the above homomorphism. When G is elementary abelian, we want to give the group Cl(O K [G]) a structure of Z[∆]-module, where ∆ is the multiplicative group of the finite field whose additive structure is isomorphic to G: 
be the Stickelberger element, where t F l n /F l is the composition of the trace Tr F l n /F l with the integer representative of the elements of F l ∼ = Z/lZ between 0 and l − 1, and
the Stickelberger ideal.
Using a cancellation property for projective modules (which can easily be established over commutative rings), we obtain:
Corollary 1.7. A number field K is G-Hilbert-Speiser with G elementary abelian if and only if the Stickelberger ideal J annihilates
This is of course the main ingredient for the research on Hilbert-Speiser fields that has been done. Now let us return to our to our main focus of studying Leopoldt fields. As before we can take G to be any elementary abelian group and obtain
). The extension of scalars to the maximal order does not change the augmentation, so from the surjectivity we obtain that
We recall that we know what the maximal order M is.
and thus the part annihilated by augmentation is
. Therefore we get the following
Corollary 1.8. Let K be a number field and G an l-elementary abelian group. Then it is G-Leopoldt if and only if the Stickelberger ideal
Remark 1.9. Assume G = C l (so that ∆ ∼ = (Z/lZ) * ) and let K be a number field. When K is disjoint from Q(ζ l ), there is a simple consequence of the above corollary: K is C l -Leopoldt iff J annihilates Cl(K(ζ l )), where the module structure of Cl(K(ζ l )) over Z[∆] is the classical one from Galois theory.
More generally, let H ∼ = Gal(K(ζ l )/K) be a proper subgroup of ∆ = {σ 1 , ..., σ l−1 }. We can identify H with the subset of the σ j 's such that there exists an automorphism of Gal(K(ζ l )/K) which sends ζ l → ζ 
is the map that only conserves the coefficients of the elements of H. One can easily verify that π H (J ) is an ideal of Z[H] (although π H is not a ring homomorphism). The work by Ichimura and Sumida-Takahashi on the image of the Stickelberger ideal through this map will turn out to be very useful for our purposes.
C 2 -Leopoldt fields
In this situation for every field K the zero-component of the maximal order in K[C 2 ] is O K . We need to know the Stickelberger ideal of Z, but in this case θ = 1 2 and so 1 ∈ J . Therefore Corollary 1.8 tells us that the class group has to be trivial and we have the following 
C 3 -Leopoldt fields
Here we have to study the Stickelberger ideal of Z[C 2 ]. But this is the unit ideal as before, because 1 = (2j − 1)θ. In the other case, the zero-component of the maximal order is necessarily O K( √ −3) , so we obtain the following general proposition:
is an imaginary abelian extension of Q, and from Yamamura [Yam94] we know them all. Remark 3.4. Taking K general, looking at the Hilbert class field of K we conclude that h K can be 1 or 2. We cannot say that h K = 1, like the C 2 case: for example we know from [Yam94] that Q( √ 3, √ −7, √ −3) has class number 1, while Q( √ 3, √ −7) does not (and so it is 2). However the conclusion holds whenever K is not ramified in 3 or it is not totally imaginary, because there is total ramification (in primes over 3 or the real archimedean ones) and so h K = 1 by [Was97, Theorem 10.1].
There is one more situation in which we have a finiteness result on C 3 -Leopoldt fields. Using [Odl75] , which states that there are finitely many normal CM-fields with relative class number 1, we have: If we assume the generalized Riemann hypothesis, by [AD03] we find a finite number of totally real or CM-fields as well. This article will be very useful again at a later point in this memoir.
Totally real C l -Leopoldt fields
We define ∆ l := Gal(Q(ζ l )/Q) ∼ = (Z/lZ) * , with the elements {σ 1 , σ 2 , ..., σ l−1 }, and θ l , J l respectively the Stickelberger element and ideal in
We can state a general result that holds when a totally real number field K is disjoint from Q(ζ l ), using Iwasawa's class number formula [Iwa62] in a similar way to what happens in [Gre97] . 
In particular the odd primes dividing the relative class number h
Proof. In this case we can see the class group Cl(K(ζ l )) as a Z[∆]-module with the iden-
l ) is the maximal real subfield of Q(ζ l ). So we can consider the minus part of the odd part of Cl(K(ζ l )), namely
Iwasawa's class number formula tells us that
where
− . By Corollary 1.8 and the well-known fact that the order of Cl(K(ζ l )) − is the odd part of h − K(ζ l ) , we are done.
In the case l ≡ 3 (mod 4) we have that
is an odd Galois extension of CM-fields, and by [LOO97, Theorem 5] we deduce that h
. Hence we get:
In particular the odd primes dividing the relative class number h
This is already sufficient to compute some cases of non-C l -Leopoldt fields, but we can obtain some general information thanks to an idea by Ichimura in [Ich16] . In particular, our aim is to study totally real normal fields disjoint from Q(ζ l ) which are C l -Leopoldt, when l = 7, 11, 19, 43, 67, 163. The approach is similar to Ichimura's, with two major differences:
• we want to study Leopoldt fields and not only Hilbert-Speiser fields (indeed the approach followed by Ichimura is flexible enough to apply also to this more general task);
• we correct a mistake in the article: in the proof we need the image of the Stickelberger ideal in the group ring given by the quadratic subfield of Q(ζ l ) instead of its own Stickelberger ideal.
would satisfy the hypotheses of [Was97, Theorem 10.1], and so the norm map between class groups would be surjective. This is what Ichimura considered (indeed we already know that totally real C l -Hilbert-Speiser fields are not ramified in l, by [GJ09] ), but actually for our purposes we can just assume nonarithmetic disjointness: by the well-known commutative the diagram given by Artin maps, namely
for any extension E/F of number fields (see for instance the appendix in [Was97] on class field theory), we know that the order of the cokernel of N := N K(ζ l )/K( √ −l) divides (l − 1)/2, and for our aims this will be sufficient.
If we denote by r :
. This, together with Corollary 1.8, permits us to conclude the following
Now we want to find useful elements in r(J l ), in particular rational integers; in fact, if n ∈ r(J l ) ∩ Z, then by the above lemma n(l − 1)/2 annihilates Cl(K( √ −l)) and this will be very useful.
Lemma 4.4. If l ≡ 3 (mod 4) is a prime number, then
where in the sums we are taking the representatives modulo l between 0 and l − 1.
Proof. We know from [Was97, Lemma 6.9] that J = J ′ θ (we omit subscripts), where J ′ is the ideal in Z[∆] generated by the elements of the type c − σ c with (c, l) = 1. We note that
Moreover, l = l + 1 − σ l+1 and r(4 − σ 4 ) = 3. So there exist a, b ∈ Z such that r(a(4 − σ 4 ) + b(l + 1 − σ l+1 )) = 1 (we assume l = 3); therefore r(θ) ∈ r(J ). Multiplying it with its conjugate, we obtain the second equality. The first one comes from the class number formula, for example explained in [Was97, Theorem 4.17].
Putting the two lemmas together, we finally obtain: 
is CM (i.e. K is totally real or CM) and K is C l -Leopoldt: in fact Amoroso and Dvornicich in [AD03] proved that conditionally the exponent of the ideal class group of a CM-field tends to infinity with its discriminant.
We put it on record:
Corollary 4.6. Assuming the generalized Riemann hypothesis, if l ≡ 3 (mod 4) there is only a finite number of totally real and CM fields disjoint from
If we find conditions for the class number to be 1 (more precisely, we are going to study the relative class number), we get unconditional finiteness properties for C lLeopoldt fields. This is why we assume l = 7, 11, 19, 43, 67, 163, as we will see.
Remark 4.7. We briefly explain why we used the quadratic subfield of K(ζ l )/K. In Ichimura's article, the author claimed that in our cases r(J ) = Z[δ] looking at Sinnott's result in [Sin80] ; however this is not true (for example because the elements that come from the Stickelberger ideal, which in cyclotomic fields fits also Sinnott's definition, have too big augmentation) and the problem is that Sinnott's result concerns the Stickelberger ideal of the quadratic field, and not the the image from the cyclotomic one. So we are unable to prove that 1 ∈ r(J ), but we do find a certain natural number, and it will be very important to know that it is odd. This would not have been possible if we only considered the cyclotomic extension, because by Lemma 2.1 of Sinnott's article the elements of the Stickelberger ideal live in the set
In particular there are no non-zero elements in Z that are also in the Stickelberger ideal. Now we can put together our last result with Corollary 4.2, so that the case of h(−l) = 1 will reduce our task to check a finite number of fields.
First of all, looking at any class number Hence we have finally obtained that:
. In particular, normal totally real C l -Leopoldt fields unramified in l form a finite set because of [Odl75] (K( √ −l) is CM).
Of course we can find from the finite list of C l -Leopoldt fields also the totally real abelian C l -Hilbert-Speiser fields, and this is a way to adjust Ichimura's result: it is still true that there are finitely many totally real abelian C l -Hilbert-Speiser fields. Here we prove that the list of totally real abelian C l -Hilbert-Speiser fields for l = 7, 11, 19, 43, 67, 163 given in [Ich16] is actually complete. We have to study the discrepancy between Theorem 4.9 and [Ich16, Corollary]: since the latter simply claims that h K( √ −l) = 1, we have to check the fields such that h
; moreover, as we are interested in Hilbert-Speiser fields, we already know that K must be unramified in l.
Unfortunately there is no article with a complete table of the imaginary abelian fields with relative class number 1. The article [CK00] gives the non-cyclic ones, while the list of cyclic imaginary fields is slightly more difficult to reconstruct: we have to look at the tables in [PK97] , [PK98] and [CK98] .
Here is our analysis:
• Imaginary cyclic sextic number fields: the list of sextic fields with relative class number 1 can be consulted in table 3 of [PK97] . They have the following curious property: every such field L with class number different from 1 (i.e. h L + > 1) has the same conductor of L + . Thus, if K is C l -Hilbert-Speiser and L = K( √ −l) belongs to this list, it is surely ramified in l since L is. So we do not gain anything new.
• Imaginary cyclic number fields of 2-power degree: [PK98] shows that these fields have degree up to 16 and gives a complete list of the non-quadratic ones (since we can assume K Q, we are not interested in them). From the tables we see that if a cyclic imaginary field of degree 4, 8 or 16 has relative class number 1, then it has class number 1.
• Other imaginary cyclic number fields: in [CK98] the authors showed that they have degree less or equal than 20, and they are listed in Table I . There is only one such field with class number different from 1, but both the conductors of L and K = L + are equal to 91. Like before, we obtain that this is not a new case of a quadratic extension of a Hilbert-Speiser field.
• Non-cyclic imaginary abelian number fields: the complete list is given in [CK00, Table I ]. Here there are a lot of fields with class number greater than 1, and unfortunately the authors do not give conductors of the fields, but even in this case it is not difficult to conclude that every totally real C l -Hilbert-Speiser K with K( √ −l) in this table and h K > 1 is ramified in l. In fact almost all the fields L in the table which contain √ −l for l = 7, 11, 19, 43, 67, 163 are of the form F ( √ −l), with F imaginary and unramified in l (this means that its characters, that can be read from the table, are not all even and have conductors coprime to l); so their maximal real subfield must be ramified in l by an easy argument. All the exceptions concern l = 7: χ 3 , χ 3 7 , χ 4 7 ψ 9 , χ 3 7 , χ 3 χ 2 5 , χ 2 7 and χ 3 7 , χ 3 7 χ 6 13 , χ 4 7 χ 4 13 , for which χ 4 7 ψ 9 , χ 2 7 and χ 4 7 χ 4 13 respectively are real and hence contained in K and ramified at 7. 
C l -Leopoldt fields that intersect Q(ζ l )
Until now we only studied the property of being C l -Leopoldt of fields that are disjoint from Q(ζ l ). Using the observations in Remark 1.9, we can now concentrate on number fields which intersect Q(ζ l ).
Suppose initially that ζ l ∈ K. Then the group ∆ = ∆ l = Gal(Q(ζ l )/Q) acts freely on the set of the l − 1 components of
Since lθ ∈ J and annihilates Cl 0 (M), for every [I] ∈ Cl(K) we know from Corollary 1.8 that lθ annihilates
But the first component of ([I] In particular, Q(ζ l ) is C l -Leopoldt if and only if 2 ≤ l ≤ 19. We also observe that the last proposition implies [Her05, Proposition 3.3], apart from a finite number of l's.
Now we consider the situation in which
where we have (l − 1)/2 copies of the ideal class group of K(ζ l ). From what we have already said in Remark 1.9, each component has a structure of Z[H]-module, where
Therefore we have an analogous conclusion: At this point it is tempting to look at the case |H| = 3; and indeed, the conclusion continues to hold, as explained in the following result:
Proposition 6.4. Let l ≡ 1 (mod 3) be a prime and K a number field with the property that K ∩Q(ζ l ) is the subfield of Q(ζ l ) with degree
Proof. In a similar way to the preceding cases, we want to prove that π 
where ρ generates ∆, so:
Remaining in the situation of |H| being odd, we can say something more precise. Now we start from above, and assume l ≡ 3 (mod 4) and |H| = (l − 1)/2, i.e. K ∩ Q(ζ l ) = Q( √ −l). In this case Ichimura's class number formula in [Ich06a, Theorem] 
In particular, if l = 7, 11, 19, 23 then K is C l -Leopoldt iff h K(ζ l ) = 1. Moreover in a lot of other cases we gain some information on divisibility respect to Corollary 6.5, i.e. we are able to find primes that have the same exponent in h(−l) and h When |H| is even there is no hope to obtain in this way an equivalence between being C l -Leopoldt and divisibility properties of h K(ζ l ) : the product To sum up: in the context of C l -Leopoldt fields K that intersect nontrivially with Q(ζ l ), if we just use ad hoc arguments and previous results of Ichimura and SumidaTakahashi it appears that we are able to obtain restrictions on the class number of Q(ζ l ) only in the case when [Q(ζ l ) : K ∩ Q(ζ l )] is equal to 2 or an odd number, and thus finiteness conditions if we assume the generalized Riemann hypothesis, by [AD03] (without fixing l if [Q(ζ l ) : K ∩ Q(ζ l )] is 1, 2 or 3). Returning to Hilbert-Speiser fields, from [Her05] we already knew that we do not have such odd cases of C l -Hilbert-Speiser fields for l ≥ 5, unless the intersection is Q( √ −l) when l ≡ 3 (mod 4). When instead [Q(ζ l ) : K ∩ Q(ζ l )] is even, i.e. K ∩ Q(ζ l ) is real, then if K is C l -Hilbert-Speiser the intersection is trivial for l ≥ 7, by [GJ09] .
